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Polynomial Potpourri 

The mathematical explorer will find a wide variety of interesting rambles into the polyno

mial back country, ranging from short day hikes to ambitious treks of days or even weeks. 

In the preceding chapter we lingered in one locale, becoming thoroughly oriented to the 

landscape of Homer's form. For this chapter, we will cover more ground, embarking on 

short excursions in widely scattered directions. This will provide an interlude before the 

focussed effort of the two succeeding chapters, in which we will mount a determined as

sault on the solution of polynomial equations. So take your time, set a relaxed pace, and 

keep an eye out for the unusual and unexpected. I hope you will find many memorable 

vistas worthy of including in your mathematical scrapbook. 

2.1 A Perplexing Puzzle 

The owl and the pussycat were playing at riddles one day. The owl said, "I am thinking of 

a polynomial, p(x ) . All of its coefficients are whole numbers. Can you guess what it is?" 

"Not without a hint," answered the pussycat. "Pray tell me, what is p(l)?" 

The owl readily complied. Noting the answer down, the pussycat said, "Good. Now be 

so kind as to tell me p(p(l))." 

The owl provided that as well. Then, after a little scratch work, the pussycat stated the 

exact definition of p(x) in descending form. How can this be explained? 

This puzzle has appeared in various guises in print and on line. One source is [95]. A 

solution will be given at the end of the chapter. 

2.2 The Quadratic Formula, lnsideout 

Anyone who has studied algebra knows about the quadratic formula. And it is common 

knowledge that a monic quadratic with roots r ands can be written (x - r)(x - s) = 
x 2 - (r + s )x + rs . But when these two simple ideas are combined, something unexpected 

pops up. 
To see what that something is, apply the quadratic formula to x 2 - (r + s )x + rs, even 

though we already know the roots . The result is 
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26 Part I: The Province of Polynomia 

r + s ± J(r +s)2 -4rs 
roots= 2 

r + s ± Jr 2 + 2rs + s 2 - 4rs = ------------
2 

r + s ± J (r - s )2 

2 

It is tempting to simplify that last square root to r - s , but that is not quite right. The rule 
is .Ja'i = la I, because a can be negative, but .Ja2 cannot. Therefore we get 

r+s±lr-sl 
roots= 2 . (1) 

How can this be reconciled with the fact that the roots are r and s? The answer is tied 

up with that± sign. When it is taken as + , we must obtain a larger answer than when it is 
taken as- . Thus, (1) becomes 

r+s+lr-sl 
larger root = 2 

r+s-lr-sl 
smaller root = 2 . 

In this way, we have derived well-known formulas for the maximum and minimum of 

two variables from the quadratic formula. 

2.3 Solving Cubics with Curly Roots 

Just as the quadratic formula provides solutions to quadratic equations, so there is a cubic 

formula for cubic equations. For an equation of the form x 3 + ax + b = 0, one root is 
given by 

3 -b ✓ b2 a 3 3 -b _ ✓ b2 a 3 

2 + 4 + 27 + 2 4 + 27 . (2) 

As we will see in Chapter 3, every cubic equation can be reduced to the form above, so this 
cubic formula can be used to find roots of any cubic. But look how complicated it is! And 
for some equations b2 / 4 + a 3 / 27 < 0, so that using the formula requires finding a cube 
root of a complex (non-real) number. Surely there must be a better way. 

If you insist on solving your equations in terms of traditional radicals, that is, square 
roots, cube roots, and so forth, then (2) is about the best you can do. But why should we 
limit ourselves to traditional radicals? We will see that solving cubics can be a breeze, 
using a new function I call the curly root, denoted {x. (The name is inspired by the no
tation: a radical-like symbol built using a curly brace.) The method is based on work of 
Nogrady [123] in 1937 and Pettit [130] in 1947, but it may have been suggested by others 

even earlier. 
In general, a radical is an inverse function, as the cube root function is the inverse of 

f(x ) = x 3• This can be expressed as 

y = .ifx if and only if x = y 3 • 
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Analogously, we define the curly root function as the inverse of f(x) = x 3 / (1 - x), so 

that 
3 

y = {x if and only if x = _Y __ 
l-y 

But we have to take care to avoid an ambiguity. The function x 3 / (1 - x) is not one-to-one 

on its domain, with up to three values of x producing a single y. To address this problem, 

we restrict x to the domain A = {xi - 3 ~ x < l} U {xi 1 < x < 3/ 2}. Then x 3 / (1 -x) is 

a one-to-one function whose range is the entire real line. Likewise, if we restrict {x to lie 

in A, then it is uniquely defined for all real x. A graph of {xis shown in Fig. 2.1. 

y 3 

2 

__,I------- y = {x 
1--------------- -

-12 -8 4 8 12 

Figure 2.1. Graph of the curly root function. 

Though {x does not have the properties of radicals that are so useful in algebraic manip

ulation, it is a legitimate function and every bit as respectable as :lfx. Furthermore, it does 

satisfy one important identity: 
{x 3 = x-x{x (3) 

In fact, with y = {x, this identity says y 3 = x(l - y), which evidently follows from the 

definition of {x. 
But the main virtue of {x is that it can be used to find roots of any cubic equation. 

As we will see in Chapter 3, any cubic polynomial can be reduced to one of the form 

p(x) = x 3 +ax+ b. Then one root will be given by 

r=-~Ja3 
a lb2 · 

To verify this, substitute in p to find 

b3 ({fz3 )3 
b {fz3 r3+ar+b=-- - -a- -+b. 

a 3 b2 a b2 

Using (3), this becomes 

r3 + ar + b = -- - - - - -b - + b. b3 (a3 a3 {fz3) {fz3 
a3 bz bz bz bz 
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Simplifying now leads to 
r 3 + ar + b = 0, 

showing that r is a root of p. 

To obtain the remaining roots, divide p (x) by (x - r) and then apply the quadratic 

formula to the result. This gives 

- - 1± b ~
3 

( 2a b2 

{a3/h2+3 ) 
{a 3 /b 2 -1 

for the other two roots of p. 

You may wonder how to evaluate curly roots. Square roots are found using the square 

root key on a calculator, and anyone fortunate enough to have a calculator with a curly 

root key can deal with curly roots similarly. Otherwise, the alternate methods available for 

evaluating square roots, such as Newton's method, power series, and graphical analysis, 

can also be used to compute curly roots. The details are left for the interested reader. 

2.4 Chaos in Newton's Method 

Speaking of Newton's method, did you know that it can lead to chaos'? This may seem 

surprising, given how well behaved the method is most of the time, especially when applied 

to polynomials. But even in that context chaos does indeed arise. The following discussion 

shows how, following a few of the key ideas from a terrific paper by Saari and Urenko [139]. 

Here is a quick review of Newton's method. The goal is to find a root (or an x intercept) 

of a function y = f(x) through a process of successive approximation. Graphically, the 

method can be described as follows: start with an x near the intercept, locate the corre

sponding point (x, f(x)) on the graph, slide along the tangent line to reach a new x even 

closer to the intercept, repeat. This idea is dramatized with animated graphics at the website 

for this book [87]. A screen image is shown in Fig. 2.2. 

3.9 

, .o 

·I.S 

f(x) 

0 2.000000 2.107149 
1 .379116 -.887100 
2 1.702056 1.582182 
3 1 .039044 -.224443 

Figure 2.2. Sliding down the tangent line. 

1Here, chaos has its mathematical meaning, as in [38, 39, 61]. 
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It is an easy exercise to derive the analytic version of Newton's method, 

f(xn) 
Xn+i = Xn - f'(xn), 

which specifies how to go from one value Xn to the next. From an xo sufficiently close 

to a root of f(x), it can be shown that the sequence {xn} converges rapidly to the root. 

However, chaos arises as soon as we consider what happens if xo is not sufficiently near 

the root. 
Suppose that f(x) is a polynomial with degree m, m distinct real roots r1, r2 , ... , rm, 

and a leading coefficient of 1. An example is graphed in Fig. 2.3. For this f we define 

the Newton's function N(x) = x - f(x) / f'(x). For any starting value x 0 , Newton's 

method produces the sequence x0 , N(x0 ), N(N(x0)), .... Thus, the sequence has nth term 

Xn = N(n)(xo) , meaning that Xn is found by applying N n times. 

10 

-6 8 

-10 

Figure 2.3. A typical polynomial for Newton's method. 

Newton's method is an example of function iteration, which is one place chaos can arise. 

We can consider three sets for any function: the initial points for which the sequence of 

iterates converges, the points for which it diverges to ±oo (which is empty for N(x)); and 

the complementary set of points for which the sequence does neither. It is in connection 

with this last set that the interesting phenomena occur. 

To help analyze the behavior of N(x) under iteration, we make a number of observa

tions. First, from our assumptions, the derivative f' (x) will have m - 1 distinct real roots 

s1, s2, ... , Sm-I, interlaced between the roots off Second, N is a rational function with a 

pole or vertical asymptote at each s i. Third, N (x) = x if and only if f (x) = 0, so that the 

roots off are the fixed points of N. These features are visible in the graph of N in Fig. 2.4. 

The graph provides additional insight about N. First, the fixed points of N occur where 

the curve y = N(x) intersects the line y = x . Second, the graph of N is partitioned 

by vertical asymptotes, one for each root off', so the domain of N is the union of open 

intervals. Near their endpoints IN (x) I approaches infinity; within each there is just one root 

off (x ). Of these intervals, m - 2 have finite length, and within each of these N (x) ranges 

from -oo to oo. Let us call the intervals making up the domain of N the fundamental 

intervals for N, and the ones of finite length full-range intervals. If the rk and Sk are 
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y 

Figure 2.4. The graph of N with the line y = x. 

ordered least to greatest, then the fundamental intervals will be Ii = (-oo, s1), 12 = 
(s1,s2), ... ,lm = (sm-1,00) , andrk Eh foreachk. 

For an initial value x0 , the sequence of iterates Xn = N(n) (xo) has an appealing visual

ization using the graph of N. Begin with xo on the x-axis. Draw a vertical line to the curve 
y = N(x), ending at (x0 , N(xo)) = (xo, x1). Next, draw a horizontal line toy = x, reach
ing the point (x1, x1). Now repeat the process: draw a vertical line to the curve y = N(x) 

and then a horizontal line to y = x, ending at (x2, x2). Continuing we can observe the 
sequence of iterates as we trace a rectangular path. Adding this path to our graph produces 
a cobweb diagram , so called because the path often takes the form of a rectangular spiral, 
resembling a spider web. In Fig. 2.5 the first segments in a cobweb diagram are shown for 
two different values of x 0 . 

On the left the sequence converges to a limit, which is what we expect when using 
Newton's method. The cobweb path takes the shape of an inward spiral, which is typical 
when the graph of N is decreasing as it crosses y = x. Where it is increasing, a convergent 
sequence will approach its limit monotonically, forming a cobweb path that looks like a 
staircase. In either case, when the Newton sequence converges, its terms eventually remain 
in a single fundamental interval h, and the limit is the root of f in that interval. The 
diagram on the right shows how, if xo is not sufficiently close to the root, Newton's method 
can produce terms that cross from one fundamental interval to another. 

y y 

Figure 2.5. Cobweb diagrams for two values of xo. 



Chapter 2: Polynomial Potpourri 31 

Looking at cobweb diagrams at various points along the graph of N shows that in each 

fundamental interval h there is a subinterval of points xo from which the Newton sequence 

converges to 'k· If a Newton sequence ever enters the subinterval it is captured, converging 

to f 's unique root in h- But not all sequences meet this fate. For some xo the Newton 

sequence never converges. The range of possibilities for the nonconvergent sequences is 

surprisingly rich. 
In general, Newton sequences for a polynomial f never go to infinity or minus infinity. 

Given our assumptions about f, the convergence subintervals within Ii and Im extend to 

-oo and oo, respectively. Thus, for any xo , if some lxn I i! sufficiently large, the sequence 

is captured by a convergence subinterval and tends to a finite limit. In particular, each xo 

generates a bounded sequence. 

How does such a sequence behave? If it does not converge, it might cycle through a finite 

set of values. Suppose that N(k) xo = xo for some k. Then, after k steps, the sequence {xn} 

returns to its starting point, and so repeats the same cycle again. In this case Xo is called a 

periodic point of period k. Analyzing the graph of N shows that there are periodic points 

of all periods, with the number of points of period k increasing exponentially with k. A 

large abundance of periodic points is a characteristic of chaos. 

The animated demonstration of Newton's method at the website for this book [87] illus

trates periodic behavior. In one example, xo is near a periodic point of period 6. It generates 

a sequence that jumps around among the fundamental intervals, almost forms a closed cy

cle, but eventually settles down and converges to one root. Changing the value of xo in 

the 12th decimal place produces nearly identical behavior, but in the end the sequence con

verges to a different root. See Fig. 2.6. This is an example of sensitive dependence on initial 

conditions, another characteristic of chaos. The idea is that a microscopic change at the 

start of the process can lead to a dramatic difference in the final outcome. 

There remains another possible behavior for a nonconvergent Newton sequence. It can 

jump around erratically from one fundamental interval to another without ever settling 

down in one interval. Indeed, if we take any sequence whatsoever of full-range funda-

·◄.O 

0 1.548740046327 .9159421173046397 
1 -.639680261720 .4663334408892996 
2 -1.542723748846 -.9132723558687216 
3 .405194173720 -.4591339851451975 
4 . -.431351462535 .4720899540037974 
5 .638964972546 -.4667015970922857 
6 1.548733809651 .9159395068406143 

..• 

Figure 2.6. Newton sequence near a point of period 7. 
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mental intervals, for example / 4 , [z , / 2 , / 4 , [3, ... , there is some xo for which the Newton 

sequence falls into the fundamental intervals in precisely the specified order. The possibil

ity of such erratic behavior is another characteristic of chaos, and doubtless inspires the 

very name. 
All of these assertions can be understood by visualizing the graphs of iterates of N. 

That is, imagine graphing y = N(N(x)) , y = N(N(N(x))) , and so on. Consider a finite 

fundamental interval , /, in Fig. 2.4. As x varies over /, N (x) ranges through the entire 

real line. Therefore, applying N(N(x)) to the points in / produces a graph like that of 

N(x) over all reals. We can envision the new graph as the full graph of N compressed 

horizontally to fit between the endpoints of I. It will also be reflected across a vertical line, 

because the graph of N restricted to / is decreasing, going from infinity to negative infinity 
as x traverses / from left to right. But the key point is that the graph of N<2) will have the 

same number of vertical asymptotes, fundamental intervals, and corresponding convergent 

subintervals within / as the full graph of N has over JR. A similar statement can be made 
for each fundamental interval. Thus, the graph of N<2) will have m2 fundamental intervals, 

and within most of them ( all of the sections that come from finite fundamental intervals of 

N) the range will be the entire real line. There are m - 2 full-range intervals for N, and at 
least (m - 2)2 for N<2) . 

Now we can easily visualize the location of periodic points with period 2. They satisfy 

N<2>(x) = x and so correspond to intersections of the graph of N<2> and the line y = x. 
But there must be an intersection within each of the full-range intervals for N<2>. Therefore, 

there will be at least one point of period 2 in each full-range interval of N<2>, and hence at 

least (m - 2)2 period 2 points overall. 
Apply these same ideas to the higher iterates N(n) . Within each full-range interval h, 

the graph of N<2> has a compressed version of the full graph of N , partitioned into its own 

small fundamental intervals. Similarly, within each of the full-range fundamental intervals 
of N<2>, the graph of N(3) will appear to be an even more tightly compressed copy of 

the full graph of N . Continuing, the graph of N(k) will have mk fundamental intervals, of 
which (m - 2l will be full range, so y = x intersects the graph of N (k) in at least (m - 2l 
points. Thus there will be at least (m - 2l points of period k. As an example, the f in 

Fig. 2.3 has degree m = 5. Therefore, there are at least 38 points of period 8. 

We can also see how Newton's sequences can jump from one fundamental interval to 
another. For example, let us consider J , the second fundamental interval for N<2) within 

N's fundamental interval 13 • Suppose that xo is an element of J, and so in / 3 • We can see 

that x 1 = N(xo) will be in / 2 . Applying N<2> to the elements of / 3 produces a compressed 

version of the graph of N. The interval J consists precisely of the points that fall into / 2 

after one application of N. This shows that any x 0 in J leads to a Newton sequence that 

starts in h and then immediately hops to / 2 . 

Suppose we want a Newton sequence that starts in / 3 , and then travels to /z , / 4 , and back 

to I 2 . Inside I 3 find the second fundamental interval / 3,2 for N <2>. Within that interval find 

the fourth fundamental interval h ,2 ,4 for N(3). Finally, within / 3,2 ,4 consider the second 

fundamental interval h,2 ,4 ,2 for N(4). Every x 0 in the last interval generates a Newton 

sequence that visits the fundamental intervals h in the order specified. Applying the same 

construction with n prespecified intervals h produces a nested sequence of n intervals. Any 

x0 in their intersection produces a Newton sequence that visits the fundamental intervals 
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in the specified order. It is possible to extend this idea to an infinite sequence of h's using 

properties of intersections of nested intervals. 
The goal of this discussion has been to provide an account of the range of possibili

ties that arise when Newton 's method is applied to a polynomial. Considering all possible 

initial points xo, several characteristic properties of chaotic systems occur, including an 

abundance of periodic points, sensitive dependence on initial conditions, and sequences 

with erratic behavior. I have attempted to give an overview of these ideas, without going 

into technical details or rigorous proofs. The paper by Saari and Urenko [139] gives a math

ematically complete treatment and includes additional results about chaotic behavior and 

the sets where it is observed. 

2.5 Polynomial Interpolation 

Everybody knows that two points determine a line. This idea generalizes to more points and 

higher degree polynomials: three points determine a quadratic, four a cubic, five a quartic, 

and so on. The polynomial is said to interpolate the given points. In general k points with 

distinct x coordinates determine a unique interpolating polynomial of degree k - l. 

There is a simple general formula for an interpolating polynomial, referred to as the 

Lagrange interpolating polynomial, although reportedly Lagrange was not the first to rec

ognize it (see [4]). 
An example will show how the Lagrange interpolating polynomial is determined. Sup

pose we wish to find a polynomial whose graph passes through (-1, 4), (2, 5), (3, -2), and 

(4, 1). Look at the four x values. We can find a polynomial that has roots at three of them 

and passes through the specified point for the fourth. Let qI (x) = (x - 2)(x - 3)(x - 4) . 

Then qI(x)/qI(-l) has roots at x = 2,3, and 4, and takes the value 1 at x = -1. 

Therefore, PI (x) = 4q I (x) / q I (-1) passes through the point (-1 , 4 ), and is O at the other 

x values. In the same way, we can find polynomials p J (x) for j = 2, 3, 4, so that p J 

passes through the j th point, and is O at the x coordinates of the remaining points. Then 

PI + P2 + p3 + p4 is a polynomial that passes through the four points. Thus we have the 

following formula for the interpolating polynomial: 

( ) (x - 2)(x - 3)(x - 4) (x + l)(x - 3)(x - 4) 
p X = 4 (-1 - 2)(-1 - 3)(-1 - 4) + S (2 + 1)(2 - 3)(2 - 4) 

_ 2 (x + l)(x - 2)(x - 4) + (x + l)(x - 2)(x - 3) 

(3 + 1)(3 - 2)(3 - 4) (4 + 1)(4 - 2)(4 - 3) . 

The example shows the general pattern. If the points we are to interpolate are (xk, Yk), 

k = 1, 2, ... ,n,thenwedefinepolynomialsqk(x) = (x-xI)···(x-Xk-I)(x-xk+I)··· 

(x - Xn)- The Lagrange interpolating polynomial is then 

Even though the Lagrange formula solves our polynomial interpolation problem, it is in

teresting to look at an alternative formulation. This time, we express the interpolating poly

nomial p (x) in ascending form a + bx + cx 2 + dx 3 , where the coefficients are unknowns 

to be determined. For the graph of p to pass through (-1, 4) we must have p(-1) = 4. 
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This gives the equation 

a+ b(-1) + c(-1)2 + d(-1)3 = 4. 

Combined with the corresponding equations for the other points, this produces a system of 

four equations in the four unknown coefficients. In matrix form, it is 

[ i 

-1 
2 

3 
4 

(A review of matrix notation and properties is available at the website for this book [87].) 

In this formulation we see that polynomial interpolation can be reduced to a system of 

linear equations. The array that appears on the left of the system is called a Vandermonde 

matrix, a square matrix with rows of the form [1 r r2 . . . rn-l] for n distinct values ofr. 

Ifwe label those values in order r1, r2, ... , rn, then the ij entry of the Vandermonde matrix 

is r/-1. Polynomial interpolation problems can always be formulated as linear systems 

with Vandermonde matrices. 
Vandermonde matrices are usually mentioned in linear algebra courses in connection 

with a formula for their determinants, given by the product of all factors (r j - rk) with 

j > k. In particular, if V is Vandermonde with distinct r/s, the determinant of V is 

nonzero. According to the theory of linear equations, this implies that 

has a unique solution for any choice of the y's. In this way, methods oflinear algebra prove 

that there is a unique polynomial of degree n - 1 interpolating any n points (x j, y j) with 

distinct x coordinates. 

2.6 Palindromials 

In Chapter 1 we encountered reverse polynomials. If p(x) = 3x2 + 5x + 7 then its reverse 

polynomial is 7x2 + 5x + 3. In general, r -/= 0 is a root of a polynomial p if and only if 

1/ r is a root of the reverse polynomial for p. This follows from the fact that the reverse of 

p(x) is given by xn p(l/x) where n is the degree of p. 

In this section we consider polynomials that are self-reversing, that is, polynomials 

whose coefficients form a symmetric pattern, as in x 5 + 7x4 - 2x 3 - 2x 2 + 7x + 1, 

or equivalently, which satisfy the identity p(x) = xn p(l/x). We will call them palin

dromic polynomials or palindromials. They have a surprising range of applications. Here 

we will focus on some of their basic properties. In Sidebar 2.1 one application is described. 

Additional applications and related topics come at the end of the chapter. 
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An Application of Matrix Palindromials 

One of the applications of palindromials arises in mechanical vibrational analysis 

for physical structures such as buildings, machines, and vehicles. In this context, 

polynomial eigenvalue problems arise, characterized by an equation 

P().)x = 0 

where P().,) is a polynomial with matrix coefficients. Sometimes P turns out to be 

a palindromial. With matrix coefficients, P().) is defined to be a palindromial if its 

reverse polynomial equals its transpose P().,)T. 

This subject is discussed by Mackey et al [113, 114). One of their examples concerns 

rail traffic noise caused by high speed trains. It includes a structural model for a rail, 

as illustrated in Fig. 2.7. 

2. 7. Structure of a train rail. 

The palindromic eigenvalue problem that arises in this example is 

where A and B are matrices and BT = B. The authors show how the palindromic 

structure can be used in solving the eigenvalue problem. 

35 

Q. 
(1) 

C"' 
Q) .., 
N 

It is convenient to assume that the constant term of a palindromial is nonzero. That is not 

a significant restriction because we can eliminate a zero constant term through factoring. 

For example, Ox 4 +3x 3-7x2 +3x +O can be rewritten x (3x 2 - 7x+3). Going a step further, 

we reach 3x(x 2 - f x + 1). This illustrates a general result. A self-reversing polynomial 
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can always be expressed axk p(x) where p(x) is a monic palindromial. Hereafter we will 

consider only monic palindromials, all of which have first and last coefficients of 1, and 

hence only nonzero roots. With this convention, p(x) is a palindromial of degree n if and 

only if p(0) = 1 and p(x) = xn p(l /x). 

If r is a root of a palindromial p , then 1 / r is a root of the reverse polynomial, which 

is p itself. This suggests that for palindromials, roots come in reciprocal pairs. However, 

if r = ± l, then r is its own reciprocal, and we do not necessarily get a pair of roots. 

For example, x + 1 is a palindromial with just one root. This situation occurs for any odd 

degree palindromial p(x). Since p(x) has an odd number of roots they obviously cannot 

be paired up. However, an odd degree palindromial always has -1 as a root. We can see 

this for degree 5 as follows. A fifth degree (monic) palindromial must take the form 

p(x) = x 5 + ax4 + bx3 + bx2 +ax + l 

and p(-1) = -1 + a - b + b - a+ l = 0. The same thing happens for any odd degree. 

Substituting -1 for x produces the alternating sum of the coefficients, and with an even 

number of terms, symmetry causes this sum to vanish. 

It is easy to determine when a polynomial has roots of ± 1; they occur if and only if the 

sum or the alternating sum of the coefficients is zero. Therefore, when looking for roots 

of a polynomial, we should always divide out as many factors of (x - 1) and (x + 1) as 

possible. If the result is a palindromial, then the remaining roots come in reciprocal pairs. 

We can use the reciprocal root property to our advantage when trying to find the roots of 

higher degree palindromials. As an example, consider 

p(x) = x4 + 7x 3 - 2x2 + 7x + 1. 

A quick mental calculation confirms that neither 1 nor -1 is a root. Therefore, we can 

assume roots of r, s, and their reciprocals. This means that p(x) factors as 

p(x) = (x - r)(x - 1/ r)(x - s)(x - 1/s) 

= (x2 - ux + l)(x2 - vx + 1) 

where u = r + l / r and v = s + 1 / s. 
If we can determine u and v, then we can use the quadratic formula to find the roots of 

p. So let us multiply the factors (x 2 -ux + 1) and (x 2 -vx + 1) and match the coefficients 

with p. That leads to 

x4 - (u + v)x 3 + (2 + uv)x2 - (u + v)x + 1 = x4 + 7x3 - 2x2 + 7x + 1 

and hence to 

U + V = -7 

UV= -4, 

which is readily solved for u and v. This system has a form that will appear frequently later. 

It specifies the sum (-7) and product (-4) of two unknowns, and translates immediately to 

the quadratic equation 
x 2 + 7x -4 = 0. 

This has u and v as roots, as we will see in greater detail in Chapter 3. 
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Sou and v are 

leading to the factorization 

-7±../65 
2 

( 7+../65 )( 7-../65 ) p(x) = x2 + 2 x + I x2 + 2 x + 1 . 

37 

The four roots of p are the roots of the quadratic factors. Applying the quadratic formula 

to the first factor we obtain roots of 

-7- ../65 + J9s + 14../65 -7- ../65- J9s + 14../65 
4 and 4 . 

You can check that these roots are reciprocals, as expected. 

In this example we have found the roots of a quartic equation. In general solving quartics 

is more complicated, but with the extra symmetry of a palindromial, everything can be re

duced to solving quadratic equations. For higher degree equations, palindromial symmetry 

implies a similar simplification, as we will shortly see. 

Take note of the form in which the roots appear in the preceding example. It is an in

stance of a radical expression, meaning a combination of numbers using normal operations 

of arithmetic, as well as radicals. Here only square roots appear, but in a general radical 

expression there can be cube roots, fourth roots, and so on. For polynomials of degree 4 or 

less, roots can always be expressed in terms of radicals . This idea will be developed at great 

length in Chapter 4. For polynomials of degree 5 or more, roots cannot always be expressed 

in terms of radicals. As a result, one does not typically attempt to find exact solutions to 

polynomials of these degrees. However for palindromials, we can find exact solutions in 

terms of radicals well beyond the fourth degree. 

As an illustration of why this occurs, let us look at a generic sixth degree palindromial, 

p(x) = x 6 + ax5 + bx4 + cx 3 + bx2 + ax + 1. 

We know that p has no roots of zero, so p(x)/ x 3 has the same roots as p. Therefore, the 

roots of p satisfy 

Grouping terms leads to 

(x3 + 1/x3) + a(x2 + 1/x2 ) + b(x + 1/x) + c = 0. (4) 

This looks almost like a polynomial of degree 3, and we can convert it to one by introducing 

the new variable u = x + 1 / x. Since 

(x + l/x)2 = x2 + 2 + 1/x2 , 

we have 

x2 + l/x2 = (x + 1/x)2 - 2 = u2 - 2. 
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Similarly, 
(x + l/x)3 = x3 + 3x + 3/x + 1/x3 

so 
x3 + 1/x3 = (x + 1/x)3 - 3(x + l/x) = u3 - 3u. 

Substituting in (4) produces 

u3 - 3u + a(u2 - 2) + bu + c = 0, 

or 
u 3 + au2 + (b - 3)u + c - 2a = 0. 

In this way, we can reduce a sixth degree palindromial equation to a third degree equation. 

If we find its roots we can reconstruct the values of x by writing u = x + l / x in the form 

x 2 - ux + l = 0 and applying the quadratic formula. This is what we did in the first 

example in this section. 

The same process can be applied to any even degree palindromial. If p(x) is a palindro

mial of degree 2n, then p(x) = 0 can be reduced to an equation of degree n in u = x+ l/x, 

because xk + l / xk can always be expressed as a polynomial in u. This can be established 

by induction. For the induction step, from 

(xk + l/xk)(x + l/x) = xk+l + l/xk+l + xk-l + l/xk-l 

we get 
xk+l + l/xk+l = (xk + l/xk)(x + 1/x) - (xk-I + l/xk-l). 

Thus, if xk + l/xk is given by a polynomial f(u) and xk-l + l/xk-l is given by a 

polynomial g(u), then 
(5) 

and so is a polynomial in u as well. Because this induction step derives the result fork + 1 

using the two preceding cases, we must independently establish two initial cases. But we 

have already seen that the result holds fork = 2 and k = 3. 

What about palindromials of odd degree? An odd degree palindromial always has -1 

as a root and so is divisible by x + l. Dividing by x + I leaves us with a factor of even 

degree. If that is a palindromial then we are back in the earlier case, and can proceed with 

the u = x + 1 / x substitution. In fact, this always occurs. 

We can say more. Products and quotients of palindromials are always palindromials. 

Here, a quotient of polynomials is assumed to have no remainder, so we say f(x) is the 

quotient p(x)/ g(x) just when p(x) = f(x)g(x). In this case, if p and g are both palin

dromials, then so is f, and if f and g are both palindromials, so is p. 

To prove these assertions, let the degree of f be m and the degree of g be n. Then the 

degree of p is m + n. Now assume that both f and g are palindromials. That implies 

f(x) = xm f(I/x), g(x) = xng(I/x), and f(0) = g(0) = 1. Combining these facts, we 

find 

p(x) = f(x)g(x) 

= xm f(I/x)xng(I/x) 

= xm+n p(l/x), 

and p(0) = f (0)g(0) = 1. Thus p is a palindromial. 
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For the remaining assertion, assume that p and g are both palindromials. Then since 

p(0) = g(0) = 1 and p(0) = f(0)g(0), we have /(0) = 1. Also, we know p(x) = 
xm+n p(l/x) and g(x) = xng(l/x). Therefore, 

f(x)g(x) = p(x) 

= xm+n p(l/x) 

= xm f(l/x)xng(l/x) 

= xm f(l/x)g(x). 

This shows that f(x) = xm f(l/x). Thus, f is a palindromial. 

Returning to our earlier discussion, we now know that an odd degree palindromial p(x) 

can be divided by (x + 1) to produce an even degree palindromial, and then the u = x + 1 / x 

substitution reduces the degree by half. In fact, we can divide out multiple factors of (x + 1) 

and (x - 1), where they are present, although this situation rarely arises. Even neglecting 

this refinement, any palindromial of degree nine or less can be reduced to a polynomial of 

degree at most four, and thus solved in terms of radicals. 

Another Example. Let us attempt to find the roots of 

x 9 + 4x8 - 3x 7 + 6x6 - x 5 - x 4 + 6x 3 - 3x2 + 4x + 1 = 0. 

Because the palindromial has odd degree, we know that -1 is a root. Therefore we can 

factor out (x + I) leaving 

x 8 + 3x1 - 6x 6 + 12x5 - 13x4 + 12x3 - 6x 2 + 3x + 1 = 0. (6) 

After checking that there are no remaining roots of I or -1 we divide by x 4 and group 

according to coefficient. Then we have 

(x4 + 1/x4 ) + 3(x 3 + 1/x3) - 6(x 2 + I/x2 ) + 12(x + 1/x) - 13 = 0. (7) 

The next step is to substitute u = x + 1 / x. We found earlier that x 2 + 1 / x 2 = u2 - 2 

and x 3 + 1/ x 3 = u3 - 3u. Using these with (5) we get x 4 + 1/ x 4 = u 4 - 4u2 + 2. Thus 

substituting into (7) yields 

u 4 + 3u 3 - 10u2 + 3u + 1 = 0. 

And LOOK! It's another palindromial! The substitution v = u + 1/u reduces it to 

v2 + 3v - 12 = 0, 

and that tells us 
-3 ± ../57 

V=----
2 

For each choice of v, we solve for u, expressing the defining equation v = u + 1/u in 

the form 
u2 - vu+ 1 = 0. 
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Thus, 
v± ✓v2 -4 

U=-----
2 

Taking 
-3--/57 

v=----
2 

leads to 
-3 - -/57 ± Jso + 6-/57 

u = ----------
4 

giving two of the four valid choices of u, and the remaining two u's are found similarly. 

To determine the roots x, we can solve another quadratic equation, this time 

x 2 -ux + l = 0. 

For each u there are two solutions, leading to radical expressions for eight roots of the 

original polynomial. These are complicated so finding them will be left to the interested 

reader. 
This example reveals an entire new vista - doubly palindromic polynomials, those for 

which the degree reducing change of variables produces another palindromial. Examples 

are easy to obtain. Start with a palindromic polynomial in u, substitute x + l / x for u, and 

then multiply by a power of x to eliminate any x's in denominators. Applying this to the 

arbitrary quartic palindromial u4 + au 3 + bu2 + au + l produces 

x 8 + ax7 + (b + 4)x6 + 4ax5 + (2b + 7)x4 + 4ax 3 + (b + 4)x2 +ax+ l. 

This is the general doubly palindromic polynomial of degree eight: every eighth degree 

doubly palindromic polynomial must have this form. When a = 3 and b = - l O we obtain 

the example of (6). And we can find the general doubly palindromic polynomial of any 

specified degree similarly. 
Carrying on in this way it is possible to produce triply palindromic polynomials, quadru

ply palindromic polynomials, and so forth. This gives polynomials of arbitrarily high de

gree that can be solved using radicals. 

Another noteworthy category of palindromials are those of the form 

p(x) = xn-1 + xn-2 + ... + x + l , 

the roots of which are complex n th roots of unity. These are discussed in Appendix A at the 

website for this book [87]. 

If n = 5 there are five complex fifth roots of unity, 1 and the roots of 

x 4 + x 3 + x 2 + x + l = 0. 

Using either the factorization method from the start of this section, or the substitution 

method, the roots are 

,Js - 1 . ✓10 + 2,Js 
---±1----- and 

4 4 
-(-v's + 1) . ✓10- 2,Js 

4 ± l 4 . 
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Complete details for the derivation using the factorization method appear in Appendix A. 
These results can also be found geometrically. As shown in Appendix A, one of the fifth 

roots of unity is w = cos 72° + i sin 72°, and the remaining roots are wi for j = 2 , 3, 4, 5. 
This shows that the fifth roots of unity can be found once we know exact values for cos 72° 
and sin 72°. See Sidebar 2.2 for a geometric construction of these values. 

Geometric Derivation of Fifth Roots of Unity 

Finding the fifth roots of unity is equivalent to determining expressions for the cosine 
and sine of 2rc / 5 = 72°. This can be done geometrically. In Fig. 2.8 are two images 
of an isoceles triangle ABC with base angles of 72° and base AB of length 1. On 
the right, the triangle has been partitioned into smaller triangles, so that BD and 
BE are each of length 1. This can be done by striking off an arc of radius 1 with 
center B. Then all the angles marked with a single arc measure 72°, all those marked 
with two arcs are 36°, and the three smaller triangles are all isosceles. This implies 
AD = DE = EC and we denote their common length a. 

C C 

Figure 2.8. Isosceles triangles with base angles of 72°. 

t::,.ADB is similar to !:::,.ABC so 

1 + a I 

I a 

or a2 + a - 1 = 0. Now we can find a, and hence cos 72° and sin 72°. We will get 

v'S-1 
cos72° = ---

4 

2.7 Marden's Theorem 

✓10 + 2v'S 
and sin 72° = -----

4 

a. 
(I) 
0-
QJ 

The last topic for this chapter is a personal favorite, a result I call Marden's theorem. It 
establishes a fantastic relation between the geometry of plane figures and the related root 
locations for a polynomial and its derivative. Here the goal will be to understand the state
ment of the theorem. A more complete discussion and a proof can be found at the website 
for this book [87]. 
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Figure 2.9. Configuration for Marden's theorem. 

Although the theorem has a more general statement, the version I like best involves a 
cubic polynomial p(z), whose roots are the vertices of a triangle in the complex plane. It is 
known that the roots of p' (z) must lie somewhere within the triangle. That is a consequence 
of Lucas's theorem, which says that the roots of the derivative of p must lie in the smallest 
convex polygon containing the roots of p. When the polygon is a triangle and pis a cubic, 
Marden 's theorem says that the roots of the derivative lie at the foci of an inscribed ellipse. 

Marden's Theorem. Let p(z) be a third-degree polynomial with complex coefficients 
whose roots z1, z2, and z3 are noncollinear points in the complex plane. Let T be the 
triangle with vertices at z1, z2, and z3. There is a unique ellipse inscribed in T and tangent 
to the sides at their midpoints. Its foci are the roots of p' (z). 

If the vertices of the triangle are z1, z2, and z3, then the polynomial p may be taken as 
(z - z1)(z - z2)(z - z3) . The ellipse in Fig. 2.9 is inscribed in the triangle and is tangent 
to the sides of the triangle at their midpoints. The foci of the ellipse, marked as black dots, 
are the roots of p'(z). 

The website for this book [87] provides a link to a web based treatment of Marden's the
orem, hosted by the on-line mathematics journal JOMA [89]. This comprehensive presen
tation offers a complete proof and extensive background information, as well as historical 
references and animated graphics illustrating the theorem. In one animation, three ellipses 
share a common pair of foci. These are symmetric with respect to the centroid of the trian
gle whose vertices are the roots of p(z). Each ellipse passes through the midpoint of one 
side of the triangle. The configuration evolves dynamically as the foci move about in the 

Figure 2.10. Screen images from animated graphic for Marden's theorem. 
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plane. As the foci approach the roots of the derivative, the three ellipses coalesce into one, 

inscribed in the triangle and tangent at the midpoints of the sides. Two images from this 

animation appear in Fig. 2.10. 

2.8 Solution to a Perplexing Puzzle 

In the puzzle, an unknown polynomial p(x) has whole number coefficients. One character, 

the pussycat, finds out the values of p(l) and p(p(l)), and then is able to completely 

determine the polynomial. Here is the explanation. 
Suppose that the polynomial is p(x) = anxn + · · · + ao. The first clue, p(l), gives the 

sum of all the coefficients. Because they are whole numbers, each coefficient must therefore 

be less than p(l), which we now denote b. The pussycat next asks for the value of p(b). 

Since each coefficient is less than b, p(b) = anbn +••·+ho is the base b expansion of 

the result, with the coefficients of p appearing as the digits. Thus, by expressing p(p(l)) 

in base b, the coefficients of p are obtained. 
This same strategy works for any base greater than or equal to p(l). One base that is 

particularly handy is !Ok, where k is the smallest integer such that lOk :::: p(l). The value 

of p(lOk) is then a base !Ok expansion, 

Each ak is less than 1 Ok and so has at most k digits. These coefficients may be read off in 

blocks of size kin the value of p(lOk). 
For example, suppose that the polynomial is p(x) = 6x 5 +22x 4 + 7x 3 + 1 lx 2 + 21x +8. 

Then p(l) = 75 so we take k = 2. Now we are given the value of 

p(l00) = 6 · 1010 + 22 · 108 + 7 · 106 + 11 · 104 + 21 · 102 + 8 

= 62207112108. 

We read the coefficients off this result in two digit blocks: 06, 22, 07, 11, 21, 08. 

2.9 History, References, and Additional Reading 

The perplexing puzzle has appeared in various places with different attributions. One cor

respondent reported that it appeared in a 1960's problem collection at a school in Moscow 

(then in the USSR), and probably had appeared earlier. It also appeared in 2005 in the Col

lege Math Journal [95], with an attribution to an earlier publication. In a follow-up note, 
Bornemann and Wagon [21] show that it is possible to determine the polynomial from the 

value of just one p(x). 

The derivation of formulas for the maximum and minimum of two numbers using the 

quadratic formula was published previously in [76]. 

As mentioned earlier, the solution of cubic equations using the curly root function was 
based on papers of Nogrady [123] and Pettit [130] . Traditionally, solutions to polynomial 

equations have been formulated in terms of radicals, with regard to which much more will 

be said in Chapter 4. Quintic equations are not generally solvable using radicals, but their 

solutions can be expressed in terms of elliptic functions (see [96]). For exponential-linear 
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equations (those having the form ax =bx+ c) an approach like the curly root solution of 

cubics will be presented in Chapter 9. 

The material on chaos in Newton's method is adapted from the paper by Saari and 

Urenko [139]. Some general treatments of chaos are provided by [38, 39, 61]. For an el

ementary discussion of basic concepts of chaos in difference equation models, see [78, 

Chapter 14]. 
There is a vast literature on polynomial interpolation. Introductory comments on the sub

ject can be found in [8, Chapter 7], [23, pp. 8-10], and [132, pp. 133-139]. For a discussion 

of Vandermonde matrices, including their connection with interpolation, see [75]. 

Palindromials are more commonly referred to in print as reverse or reciprocal polynomi

als. They have a long history of inclusion in algebra textbooks dating at least to 1811 [72]. 

Today, palindromials appear in many contexts and have many applications. For example, 

they arise in knot theory in connection with polynomial invariants of knots with mirror im

age symmetry. There is also interest in characterizing palindromials over finite fields, with 

applications to reversible cyclic codes, high minimum distance BCH codes, and efficient 

finite field arithmetic. 
Here is a sample of accessible articles on palindromials. An application in plane geom

etry is presented by Clarke [31]. This work concerns sequences of polygons in which each 

term is formed by connecting the midpoints of the sides of its predecessor. Convergence of 

such sequences is shown to be related to certain palindromic polynomials. Quadratic palin

dromials are used to derive the quadratic formula by Spiegel [ 151]. Viana and Veloso [ 162] 

describe Galois theory in the context of palindromials. Finally, Eaton [43] uses palindro

mials and facts about determinants to prove the Fundamental Theorem of Algebra, a result 

we will consider in Chapter 4. 

As mentioned, more information about Marden's theorem appears online in [89], a link 

to which can be found at the website for this book [87]. An additional reference is [88]. 


